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Nonlinear convective flows in multilayer fluid system
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Abstract

The nonlinear thermocapillary and buoyant-thermocapillary flows in a three-layer system, filling a closed cavity and subjected
to a temperature gradient directed along the interfaces, are investigated. The nonlinear simulations of convective regimes are
performed by the finite-difference method. The process of transition of unicell structures into multicell structures is studied.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

Prediction of the fluids behavior under microgravity conditions is an important problem in space engineering.
Experiments in space revealed the dominant role of the thermocapillary convection in the microgravity fluid dynamics.
The case when the system has only one interface between different fluids has been studied analytically and numerically
in many works (see, for example, the monograph [1]). Convection in the system with one interface and one free surface
was considered in [2].

The interfacial convection in multilayer systems is a widespread phenomenon that is of great importance in numer-
ous branches of technology (for a review, see [3]). The most well-known modern engineering technique that requires
an investigation of convection in multilayer systems is the liquid encapsulation crystal growth technique [4,5] used
in space labs missions. Another important problem is the droplet–droplet coalescence, where Marangoni convection
in the interdroplet film can considerably affect the coalescence time during extraction [6]. Simultaneous interaction
of interfaces with their bulk phases and with each other was studied for heating from below and from above [7,8], as
well as in the case of the horizontal temperature gradients [9–12].

Thermocapillary flows in multilayer systems with periodic boundary conditions on lateral boundaries, subjected to
a temperature gradient directed along the interfaces, have been studied in [13]. It was found that the traveling waves
move in the direction of the temperature gradient. For sufficiently large values of the Marangoni number, pulsating
traveling waves changing their shape and intensity, have been observed. The nonlinear buoyant-thermocapillary flows
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in three-layer systems with periodic boundary conditions have been studied in [14]. Transitions between different
convective regimes have been investigated. The general diagram of flow regimes on the plane the Marangoni number–
the Grashof number, has been constructed.

Let us emphasize, that the theoretical predictions obtained for infinite layers, cannot be automatically applied to
flows in closed cavities, because of several reasons. First, in the case of periodic boundary conditions one observes
waves generated by a convective instability of parallel flow, while for the observation of waves in a closed cavity a
global instability is needed [15]. Also, it should be taken into account, that in the presence of rigid lateral walls the
basic flow is not parallel anymore. The lateral walls act as a stationary finite-amplitude perturbation that can produce
steady multicellular flow in the part of the cavity and in the whole cavity [15].

The nonlinear thermocapillary convective flows in a closed cavity filled by a symmetric three-layer system (the
exterior layers had the same thermophysical properties), have been investigated in [16]. Nonlinear regimes of steady
and oscillatory convective flows have been studied; during the oscillatory process the number of vortices in the layers
was changed.

Evidently, that symmetric systems cannot exist under the action of gravity because of the Rayleigh–Taylor insta-
bility. The nonlinear simulations of buoyant-thermocapillary flows in a closed cavity filled by three different viscous
fluids with a temperature gradient directed along the interfaces, have been performed in [17]. Generally, long unicell
structures have been obtained in each fluid layer. Examples of buoyant three-layer flows in a closed cavities have been
presented in [14] (for a review, see [3]).

In the present work, nonlinear thermocapillary and buoyant-thermocapillary flows in asymmetric three-layer sys-
tem silicone oil 1-ethylene glycol–fluorinert FC75 filling the closed cavity, subjected to a temperature gradient directed
along the interfaces, are investigated. It is found that at sufficiently large values of the Marangoni number, the long
unicell vortices turn into the multicell structures. The specific type of nonlinear oscillations is obtained.

The paper is organized as follows. In Section 2, the mathematical formulation of the problem is presented. The non-
linear approach is described in Section 3. Nonlinear simulations of finite-amplitude convective regimes are considered
in Section 4. Section 5 contains some concluding remarks.

2. General equations and boundary conditions

We consider a system of three horizontal layers of immiscible viscous fluids with different physical properties (see
Fig. 1). The thicknesses of the layers are am, m = 1,2,3. The m-th fluid has density ρm, kinematic viscosity νm,
dynamic viscosity ηm = ρmνm, thermal diffusivity χm, heat conductivity κm and thermal expansion coefficient βm.

Fig. 1. Geometrical configuration of the three-layer system and coordinate axes.
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The system is bounded from above and from below by two rigid plates, z = a1 and z = −a2 − a3. A constant tem-
perature gradient is imposed in the direction of the axis x: T1(x, y, a1, t) = T3(x, y,−a2 − a3, t) = −Ax + const ,
A > 0. The surface tension coefficients on the upper and lower interfaces, σ and σ∗, are linear functions of tempera-
ture T : σ = σ0 − αT , σ∗ = σ∗0 − α∗T , where α > 0 and α∗ > 0.

Let us define

ρ = ρ1

ρ2
, ν = ν1

ν2
, η = η1

η2
= ρν, χ = χ1

χ2
, κ = κ1

κ2
, β = β1

β2
, a = a2

a1
,

ρ∗ = ρ1

ρ3
, ν∗ = ν1

ν3
, η∗ = η1

η3
= ρ∗ν∗, χ∗ = χ1

χ3
, κ∗ = κ1

κ3
, β∗ = β1

β3
, a∗ = a3

a1
, ᾱ = α∗

α
.

As the units of length, time, velocity, pressure and temperature we use a1, a2
1/ν1, ν1/a1, ρ1ν

2
1/a2

1 and Aa1. The
complete nonlinear equations governing convection are then written in the following dimensionless form:

∂vm

∂t
+ (vm · ∇)vm = −em∇pm + cm�vm + bmGTme, (1)

∂Tm

∂t
+ vm · ∇Tm = dm

P
�Tm, (2)

∇vm = 0, m = 1,2,3. (3)

Here vm = (vmx, vmy, vmz) is the velocity vector, Tm is the temperature and pm is the pressure in the m-th fluid; e is
the unit vector of the axis z; e1 = c1 = b1 = d1 = 1, e2 = ρ, c2 = 1/ν, b2 = 1/β , d2 = 1/χ , e3 = ρ∗, c3 = 1/ν∗,
b3 = 1/β∗, d3 = 1/χ∗; � = ∇2, G = gβ1Aa4

1/ν2
1 is the Grashof number, and P = ν1/χ1 is the Prandtl number

determined by the parameters of the top layer.
The boundary conditions on the isothermic rigid boundaries are:

v1 = 0, T1 = T0 − x at z = 1, (4)

v3 = 0, T3 = T0 − x at z = −a − a∗, (5)

where T0 is constant.
The conditions on the rigid lateral boundaries, which are assumed to be thermally insulated, are

x = 0,L: vm = 0,
∂Tm

∂x
= 0, m = 1,2,3. (6)

Let us discuss the boundary conditions at the interface between two fluids. It is known that the interfacial deforma-
tion is a non-Boussinesq effect [18]. Indeed, the Boussinesq approximation is based on the assumption εβ = β1θ � 1,
G = O(1), therefore the Galileo number Ga = G/εβ = ga3

1/ν2
1 � 1. However, the balance of normal stresses on

the interface shows that the interface deformation is proportional to 1/Gaδ, where δ = ρ−1 − 1 (see [1]). Because
1/Gaδ = εβ/Gδ is small unless δ � 1, we come to the conclusion that in the framework of the Boussinesq approx-
imation the interfacial deformation has to be neglected, if the densities of the fluids are not close to each other. The
case of close densities is not considered in the present paper. Thus, we assume that the interfaces between fluids are
flat and situated at z = 0 and z = −a, and put the following system of boundary conditions:
at z = 0

∂v1x

∂z
− η−1 ∂v2x

∂z
− M

P

∂T1

∂x
= 0,

∂v1y

∂z
− η−1 ∂v2y

∂z
− M

P

∂T1

∂y
= 0, (7)

v1x = v2x, v1y = v2y, v1z = v2z = 0, (8)

T1 = T2, (9)
∂T1

∂z
= κ−1 ∂T2

∂z
; (10)

at z = −a

η−1 ∂v2x

∂z
− η−1∗

∂v3x

∂z
− ᾱM

P

∂T3

∂x
= 0, η−1 ∂v2y

∂z
− η−1∗

∂v3y

∂z
− ᾱM

P

∂T3

∂y
= 0, (11)

v2x = v3x, v2y = v3y, v2z = v3z = 0, (12)
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T2 = T3, (13)

κ−1 ∂T2

∂z
= κ−1∗

∂T3

∂z
. (14)

Here M = αAa2
1/η1χ1 is the Marangoni number.

3. Nonlinear approach

In order to investigate the flow regimes generated by the convective instabilities, we perform nonlinear simulations
of two-dimensional flows [vmy = 0 (m = 1,2,3); the fields of physical variables do not depend on y]. In this case, we
can introduce the stream function ψm and the vorticity φm,

vm,x = ∂ψm

∂z
, vm,z = −∂ψm

∂x
,

φm = ∂vm,z

∂x
− ∂vm,x

∂z
(m = 1,2,3)

and rewrite Eqs. (1)–(3) in the following form:

∂φm

∂t
+ ∂ψm

∂z

∂φm

∂x
− ∂ψm

∂x

∂φm

∂z
= cm�φm + bmG

∂Tm

∂x
, (15)

�ψm = −φm, (16)
∂Tm

∂t
+ ∂ψm

∂z

∂Tm

∂x
− ∂ψm

∂x

∂Tm

∂z
= dm

P
�Tm (m = 1,2,3). (17)

Coefficients bm, cm and dm have been defined in Section 2. At the interfaces normal components of velocity vanish
and the continuity conditions for tangential components of velocity, viscous stresses, temperatures, and heat fluxes
also apply:

z = 0: ψ1 = ψ2 = 0,
∂ψ1

∂z
= ∂ψ2

∂z
, T1 = T2, (18)

∂T1

∂z
= 1

κ

∂T2

∂z
,

∂2ψ1

∂z2
= 1

η

∂2ψ2

∂z2
+ M

P

∂T1

∂x
, (19)

z = −a: ψ2 = ψ3 = 0,
∂ψ2

∂z
= ∂ψ3

∂z
, T2 = T3, (20)

1

κ

∂T2

∂z
= 1

κ∗
∂T3

∂z
,

1

η

∂2ψ2

∂z2
= 1

η∗
∂2ψ3

∂z2
+ ᾱM

P

∂T2

∂x
. (21)

On the horizontal solid plates the boundary conditions read:

z = 1: ψ1 = ∂ψ1

∂z
= 0, T1 = T0 − x, (22)

z = −a − a∗: ψ3 = ∂ψ3

∂z
= 0, T3 = T0 − x, (23)

where T0 is constant.
The calculations were performed in a finite region 0 � x � L, −a � z � 1 with the following boundary conditions

corresponding to rigid heat-insulated lateral boundaries:

x = 0,L: ψm = ∂ψm

∂x
= ∂Tm

∂x
= 0. (24)

The boundary value problem was solved by the finite-difference method. Equations were solved using the explicit
scheme, on a rectangular uniform mesh 168 × 56. The Poisson equations were solved by the iterative Liebman suc-
cessive over-relaxation method on each time step: the accuracy of the solution was 10−5. The details of the numerical
method can be found in the book by Simanovskii and Nepomnyashchy [1].
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Fig. 2. Snapshots of (a) streamlines and (b) isotherms for the thermocapillary steady flow (M = 27 000, G = 0, L = 16).

Fig. 3. Dependence of (ψmax)m (m = 1,2,3) on M for the thermocapillary steady flow (G = 0, L = 16).

4. Numerical results

Below we describe results of computations of the nonlinear boundary value problem for the system silicone oil
1-ethylene glycol–fluorinert FC75 with the following set of parameters: ν = 0.065, ν∗ = 1.251, η = 0.048, η∗ =
0.580, κ = 0.390, κ∗ = 1.589, χ = 0.742, χ∗ = 2.090, β = 2.16, β∗ = 0.957, ᾱ = 0.228, P = 13.9. The ratios of the
layers thicknesses have been chosen a = a∗ = 1. Simulations have been performed for L = 16 and L = 32.

4.1. The case of thermocapillary flows (M �= 0, G = 0)

We shall start our analysis by the consideration of the thermocapillary flows (M �= 0, G = 0). Let us take L = 16.
Even for small values of the Marangoni number (M �= 0) the mechanical equilibrium state is impossible and

a steady motion takes place in the system. The streamlines and isotherms for the definite value of the Marangoni
number are presented in Fig. 2. One can see that in the central part of the cavity the flow is nearly parallel. Along the
upper interface, the fluids move from the hot wall to the cold wall and along the lower interface, the fluids move in the
opposite direction. The flow fields in different layers are coupled by viscous stresses. Near the lateral walls the fluid
may move both upwards and downwards.

With the increase of the Marangoni number the intensity of the flow near the cold wall becomes higher than that
near the hot wall. The finite-amplitude curves show that with the increase of M , the intensity of the motion grows
(see Fig. 3). At the larger values of M (M � 92000), the steady state becomes unstable and the transient process takes
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Fig. 4. Snapshots of (a1)–(c1) streamlines for the thermocapillary flow at different moments of time (M = 216 000, G = 0, L = 16).

Fig. 5. Snapshots of (a2)–(c2) isotherms for the thermocapillary flow at different moments of time (M = 216 000, G = 0, L = 16).

place in the system (see Figs. 4, 5). The vortices move in the direction of the temperature gradient (Fig. 4(b1)) and the
unicell structure turns into the multicell structure in each fluid layer (Fig. 4(c1)).

For L = 32, the transient process of the unicell structure into the multicell structure is presented in Fig. 6. The
vortices move from the cold end to the hot end (Fig. 6(b)–(c)). Finally, the oscillatory multicell structure fills in
practice all the volume (Fig. 6(d)–(e)). The vortices change their form and intensity during the oscillatory process.
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Fig. 6. Snapshots of (a)–(e) streamlines for the thermocapillary flow at different moments of time (M = 216 000, G = 0, L = 32).

4.2. The case of buoyant-thermocapillary flows (G �= 0, M �= 0)

Let us consider the joint action of buoyancy and the thermocapillary effect. Under the conditions of the experiment,
when the geometric configuration of the system is fixed while the temperature difference θ is changed, the Marangoni
number M and the Grashof number G are proportional. We define the inverse dynamic Bond number

K = M

GP
= α

gβ1ρ1a
2
1

.

The simulations have been performed for K = 1.016 (L = 16) and K = 4.063 (L = 32).
Let us remind that in the case of “short” cavities (L � 10) only unicell structures have been obtained in each

fluid layer [17]. We take the cavity with L = 16. In the case of buoyant-thermocapillary flows, the stationary flow
is essentially asymmetric with respect to the reflection x → L − x (see Fig. 7). Three of the most intensive vortices
are produced mainly by buoyancy (the fluids go upward near the hot wall and go downward near the cold wall).
These vortices are separated by vortices rotating in the opposite direction, which are supported by the thermocapillary
effect. The finite-amplitude curves for the steady flow are presented in Fig. 8. One can see that depending on G, the
most intensive motion may be achieved in different layers. At the larger values of G (G � 6500), the steady motion
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Fig. 7. Snapshot of (a) streamlines and (b) isotherms for the buoyant-thermocapillary steady flow (G = 1700, M = 24 000, L = 16).

Fig. 8. Dependence of (ψmax)m (m = 1,2,3) on G for the buoyant-thermocapillary steady flow (K = 1.016).

Fig. 9. Fields of (a)–(c) streamlines for the buoyant-thermocapillary oscillatory motion at different moments of time (G = 15300, M = 216 000,
L = 16).
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Fig. 10. Fields of (a)–(d) streamlines for the buoyant-thermocapillary motion at different moments of time (G = 3825, M = 216 000, L = 32).

becomes unstable and one observes the oscillatory flow in the cavity (see Fig. 9). The vortices change their form and
intensity during the oscillatory process.

Now let us consider the cavity with L = 32. As in the previous case, for sufficiently small values of M and G, the
steady state takes place in the system. With the increase of G, the steady motion becomes unstable and one observes
the transient process from the unicell structure (Fig. 10(a)) to the oscillatory multicell structure (Figs. 10(c), (d)). The
chess-order configuration of vortices is obtained in the top layer. Since the thermocapillary effect plays the dominant
role, the flow takes place mainly close to the interfaces.

5. Conclusion

The nonlinear thermocapillary and buoyant-thermocapillary flows in an asymmetric three-layer system, filling a
closed cavity and subjected to a temperature gradient directed along the interfaces, are investigated. The shape and
the amplitude of the convective flows are studied by the finite-difference method. For sufficiently large values of
the Marangoni number, the steady state becomes unstable and the transient process takes place in the system: the
long vortices break down and turn into the multicell structures. It is found that depending on G, the most intensive
motion may be achieved in different layers. In the case of buoyant-thermocapillary flows the specific type of nonlinear
oscillations, is obtained.
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